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1. Introduction 

An analysis of echo envelope statistics 
contributes to a quantification of diseases such as 
liver fibrosis1) and fatty liver2,3). In the statistic-based 
tissue characterization, the probability density 
function of the echo envelope amplitudes is fitted by 
a model function, and the tissue characteristics are 
quantified by model parameters. Therefore, using an 
appropriate model is essential for the correct tissue 
characterization. In the present study, we examined a 
method for selecting the probability distribution 
model which is appropriate for analyzing the 
obtained echo data. 
 
2. Methods 
2.1 Probability distribution models 

The most basic probability distribution model 
is a Rayleigh (RA) distribution. When the scatterers 
with sufficiently smaller than the wavelength are 
randomly, densely, and homogeneously distributed, 
the echo envelope  follows the RA distribution.4) 

 

where  is a scale parameter. 
The RA distribution is effective to evaluate the 

normal liver tissue. For the fibrotic liver, however, 
the multi-Rayleigh (MRA) distribution, which is a 
mixture model of multiple RA distributions with 
different scale parameters, is effective.1) For the 
evaluation of fatty liver, the Nakagami (NA)2) and 
double-NA3) distributions are effective. 

 
2.2 Moment-based classification 

To quantitatively select the appropriate 
probability distribution model, we examined a 
moment-based classification. The moment is a basic 
statistical property and given by 

 
where  is an order of the moment and  is an 
operation of the expectation. 

As a result of the central limit theorem, the 
moment of random variables following a certain 
probability distribution model with fixed model 
parameters follows a normal distribution. Moreover, 
the expectation and standard deviation of the normal 
distribution are theoretically determined.5) 

Based on this property, the deviation of the 
moment of the obtained echo data from that of a 
certain probability distribution model can be 
quantified using a Mahalanobis distance, which is a 
distance normalized by the covariance of the 
multidimensional normal distribution.1) As shown in 
Fig. 1, whether the obtained echo data follows the 
evaluated model is determined by the threshold 
processing to the Mahalanobis distance. As the 
squared Mahalanobis distance follows a chi-squared 
distribution, the threshold for the Mahalanobis 
distance can be quantitatively determined based on 
the cumulative chi-squared distribution.1) 

In our previous study1), we used this 
Mahalanobis distance to estimate the number of 
tissue components in the fibrotic liver (i.e. number of 
RA components in the MRA distribution). In the 
present study, we applied this method to determine 
the appropriate probability distribution model. 

For the obtained echo data, the parameters of 
NA and MRA distributions were estimated by the 
maximum likelihood estimation method. Then, the 
squared Mahalanobis distances of moments of 
obtained echo data from that of RA (normal liver 
condition), NA (fatty liver condition), and MRA 
(fibrotic liver condition) distributions with estimated 
parameters, respectively, were evaluated. Finally, 
whether the obtained echo data follows each 
distribution model was evaluated by the threshold 
processing to the squared Mahalanobis distance. The 
first, third, fourth, and fifth orders of moments were 
used for calculating the Mahalanobis distance. 
 
2.3 Ultrasonic simulation 

To simulate the NA condition, scattered 
density was set to 1 scatterer per the area of full 
width at half maximum (FWHM) of the ultrasound 
spatial resolution. The average of Nakagami  
parameters, which is an indicator of the scattered 
density, estimated for the simulated ultrasound B-
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Fig. 1 Schematic of moment-based classification. 
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mode image was 0.72. 
To simulate the RA and MRA conditions, two 

types of scatterer distributions with different 
reflection coefficients (   times difference) were 
placed adjacent to each other. The scattered density 
was set to 10 scatterers per FWHM of the ultrasound 
spatial resolution, for both scatterer distributions. 

The radiofrequency (RF) echo signals were 
obtained from the scatterer distributions by Field II. 
6,7) The transmitted and sampling frequencies were 
set to 7.5 and 40 MHz, respectively. 

 
3. Results and Discussions 

Figures 2(a) and 2(b) show the results for the 
simulation with NA condition and that with RA and 
MRA conditions, respectively. Figure 2(i) shows the 
simulated ultrasound B-mode images. Figures 2(ii-
iv) show the regions estimated as following the RA, 
NA, or MRA distributions, respectively. The window 
shown in Fig. 2(a)(i) was scanned pixel by pixel and 
the squared Mahalanobis distance was evaluated for 
each window, independently. 

As shown in Fig. 2(a)(ii), there were no 
regions that follow the RA distribution because the 
scattered density was low. On the other hand, the NA 
distribution, which can express the condition of low 
scattered density, could express the entire regions, as 
shown in Fig. 2(a)(iii). Although the MRA 
distribution is not a model for expressing the 
condition of low scattered density, there were many 
regions that the window data could be expressed by 
the MRA distribution, as shown in Fig. 2(a)(iv). 

In Fig. 2(b), the MRA distribution could 
express the entire regions, as shown in Fig. 2(b)(iv), 
because the MRA distribution includes the RA 
distribution and can express the mixture of RA 
distributions. As expected, the RA distribution could 
express the regions of the single scatterer distribution 
(outer regions of red dashed lines) and could not 
express the mixture regions (inner regions of red 
dashed lines), as shown in Fig. 2(b)(ii). 

The NA distribution could also express the 
regions of the single scatterer distribution, as shown 
in Fig. 2(b)(iii), because the NA distribution includes 
the RA distribution. However, although the NA 
distribution is not a model for the mixture of multiple 
scatterer distributions, there were regions that the 
window data set in the mixture region could be 
expressed by the NA distribution. 

Thus, there were regions that the window data 
could be expressed by both NA and MRA 
distributions. These results indicate that other than 
the condition of the RA distribution, there are model 
parameters in the NA (fatty liver condition) and 
MRA (fibrotic liver condition) distributions that 
have statistically similar characteristics, which 
should be examined in detail in the future.  

4. Conclusion 
Based on the moments, whether a certain 

probability distribution model can express the 
obtained echo data was evaluated. In the future, we 
will examine a method to distinguish between NA 
and MRA distributions for the echo data that can be 
expressed by both models.  
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Fig. 2  (a) Low scattered density condition. (b) 
Mixture condition of two types of scatterer 
distributions with different reflection coefficients. 
(i) Ultrasound B-mode image. (ii-iv) Regions 
estimated as following (ii) Rayleigh, (iii) 
Nakagami, and (iv) multi-Rayleigh distributions. 
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